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Geoffrey T. Huntington,2 David Benson,3 and Anil V. Rao4

Abstract
The problem of determining minimum-fuel maneuver sequences for a four-spacecraft
formation is considered. The objective of this paper is to find fuel-optimal spacecraft
trajectories that transfer four spacecraft from an initial parking orbit to a desired terminal
reference orbit while satisfying a set of constraints on the formation at the terminal time.
Trajectories involving both one and two allowable maneuvers per spacecraft are considered.
The resulting nonlinear optimal control problem is solved numerically using a recently
developed direct transcription method called the Gauss pseudospectral method. The results
presented in this paper highlight interesting features of the fuel-optimal formation and control. Furthermore, by showing that the discretized first-order optimality conditions from an
indirect formulation are satisfied, a post-optimality analysis of the results demonstrates the
accuracy and usefulness of the Gauss pseudospectral method.

Introduction
Spacecraft formation flying is defined as a set of more than one spacecraft whose
states are coupled through a common control law [1], and has been identified as an
enabling technology for many future space missions [2]. In particular, space missions using multiple spacecraft, as compared with using a single spacecraft, allow
simultaneous measurements to be taken at specific relative locations, thereby
improving science return. Critical to the successful implementation of formation
flying missions is trajectory design (also called path planning or guidance).
Formation flying trajectory design has two main categories: stationkeeping (i.e.,
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maintaining a cluster of spacecraft in a specified formation for a certain portion of
the trajectory) and reconfiguration (i.e., maneuvering a cluster of spacecraft from
one formation to another formation).
In this paper we consider a specific reconfiguration problem, sometimes referred
to as an orbit insertion problem or an initialization problem [3]. The objective is to
determine the minimum-fuel trajectory and control that optimally transfers four
spacecraft from an initial parking orbit to a terminal reference orbit while simultaneously satisfying a set of formation constraints at some point along the terminal
reference orbit. In this research, the formation constraints place requirements on
both the inter-spacecraft distance and the volume of the formation geometry. Given
the desire to determine an optimal trajectory, the configuration problem is posed as
an optimal control problem. Moreover, in this particular case the optimal control
problem is highly nonlinear with no analytic solution and, thus, must be solved
numerically.
This research focuses on the problem of determining optimal tetrahedral formations, a problem which has been considered previously. Much of the work in this
area focuses on various ways to formulate and solve an optimal control problem that
either initializes or reconfigures the tetrahedral formation. In reference [4], a hierarchical strategy is compared to a particle swarm approach to find optimal tetrahedral
reconfiguration trajectories. In a similar application [5], a search space reduction
technique is used to solve the formation optimal control problem. In these papers,
significant simplifications are placed into the model or the search space in order to
make the problem more manageable. In other approaches, the formation optimal
control problem is parsed into segments [3, 6, 7], where the segments are optimized
individually and then patched together. While this technique makes the problem
more tractable, it also reduces the solution search space and generally leads to suboptimal solutions. In this work the problem is formulated as a single unified numerical optimization procedure in order to encompass the entire search space.
Numerical methods for solving optimal control problems fall into two general
categories: indirect methods and direct methods. An excellent survey of various
numerical methods for solving optimal control problems can be found in reference [8].
In an indirect method, the optimal solution is found by solving a Hamiltonian
boundary-value problem (HBVP) derived from the first-order necessary conditions
for optimality [9]. The primary advantages of indirect methods are their high accuracy in the solution and the assurance that the solution satisfies the first-order optimality conditions. However, indirect methods have several disadvantages including
possible difficulties in deriving the HBVP, small radii of convergence, and the requisite of a good initial guess for both the state and costate.
In a direct method, the continuous-time optimal control problem is transcribed to
a nonlinear programming problem (NLP). The resulting NLP can be solved by welldeveloped algorithms and software. Direct methods have the advantage that the
optimality conditions do not need to be derived [10]. Furthermore, they have much
larger radii of convergence than indirect methods and thus, do not require as good of
an initial guess. Lastly, for problems with path constraints, the switching structure
of the constrained and unconstrained arcs does not need to be known a priori, unlike indirect methods. However, depending on the type of direct method, the solution may not contain any costate information, or may result in an inaccurate costate.
In recent years, considerable attention has been focused on a class of direct
methods, called pseudospectral methods [11, 12, 13, 14, 15]. Pseudospectral methods
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in optimal control arose from spectral methods which were traditionally used to
solve fluid dynamics problems [11, 15]. In a pseudospectral method, the state and
control are parameterized using a basis of global polynomials. The dynamics then
are collocated at a specified set of points on the time interval of interest. While any
set of unique collocation points can be chosen, in order to obtain the highest accuracy, the collocation points are chosen to be the roots of an orthogonal polynomial
(or linear combinations of such polynomials and their derivatives). As a result,
pseudospectral methods are generally implemented via orthogonal collocation
(thus some researchers use the term pseudospectral [12, 16] while others use the
term orthogonal collocation [17, 18]). Seminal work in orthogonal collocation
methods in optimal control date back to the work of reference [19] and some of the
first work using orthogonal collocation methods in engineering can be found in the
chemical engineering literature [17]. For smooth problems, pseudospectral methods typically have faster convergence rates than other methods, exhibiting so called
“spectral accuracy” [20]. For nonsmooth problems or problems where modeling
changes are desired, the optimal control problem can be divided into phases and
orthogonal collocation can be applied globally within each phase. A vast amount of
work has been done using pseudospectral methods to solve nonsmooth optimal
control problems (see references [16, 17, 18, 21, 22, 23, 24]). Two previously developed and well known pseudospectral methods for solving optimal control problems are the Legendre pseudospectral method [12] (where Lagrange polynomials
are used and collocation is performed at the Legendre-Gauss-Lobatto (LGL)
points) and the Chebyshev pseudospectral method [25] (where Chebyshev polynomials are used and collocation is performed at the Chebyshev-Gauss-Lobatto (CGL)
points). In addition, an enhancement to the Chebyshev pseudospectral method that
uses a Clenshaw-Curtis quadrature scheme was developed in reference [14].
Finally, a costate estimation procedure that uses the Legendre pseudospectral
method was developed in references [13] and [26, 27].
A recently developed pseudospectral method that has shown promise both in the
solution and post-optimality analysis of optimally controlled systems is the Gauss
pseudospectral method (GPM) [28, 29, 30]. In the Gauss pseudospectral method,
the state is approximated using a basis of Lagrange polynomials and the optimal
control problem is orthogonally collocated at the Legendre-Gauss (LG) points. The
Gauss pseudospectral method differs from other such methods in that the dynamics
are not collocated at the boundary points. This choice of collocation, together with
an appropriate Lagrange polynomial approximation of the costate, leads to KarushKuhn-Tucker (KKT) conditions that are identical to the discretized form of the
first-order optimality conditions at the LG points. As a result, the solution of the
NLP satisfies the same first-order conditions as an indirect solution that was
obtained by solving the discretized HBVP conditions at the LG points. Furthermore, the equivalence between the KKT conditions and the discretized first-order
necessary conditions leads to a method for estimating the costate of the continuoustime optimal control problem using the KKT multipliers of the NLP. Details of the
Gauss pseudospectral method are found in reference [30].
In this research we are interested in implementing the Gauss pseudospectral
method to solve a minimum-fuel four-spacecraft formation configuration problem
[31, 32]. Accurate numerical solutions are presented regarding the problem of configuring four spacecraft from an initial 600 km circular parking orbit to a terminal
reference orbit of size 600 km by 7000 km altitude with the same inclination. More
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specifically, the four spacecraft must attain the apogee of the reference orbit while
simultaneously placing the formation in an acceptable tetrahedron. Furthermore,
the formation must also be repeatable each orbit which, in an inverse-square gravity
field, is equivalent to requiring that the semimajor axis of each spacecraft be identical at the terminal time. Optimal trajectories are found for two scenarios: one
where each spacecraft is limited to two maneuvers, and a second scenario where
each spacecraft is limited to just one maneuver. For the purposes of this study it is
assumed that the spacecraft are point masses in an inverse square gravity field. Furthermore, the dynamics are modeled using nonlinear modified equinoctial elements
and the propulsion is modeled using finite thrust maneuvers.
This paper also provides an in-depth post-optimality analysis of the accuracy of
the aforementioned optimal solution [33]. Specifically, the discrete control from the
NLP is compared to the control computed from the first-order optimality conditions
of the HBVP, discretized at the LG points. In order to make this comparison, a
costate mapping principle is used [30]. Furthermore, a method for obtaining the
control at the boundaries using the costate mapping is addressed. The results show
that the control obtained from the Gauss pseudospectral method is in excellent
agreement with the control predicted by the first-order optimality conditions of the
discretized optimal control problem. This work highlights the accuracy and usefulness of the Gauss pseudospectral method as a way of solving nonlinear optimal
control problems and verifying that the solution is indeed optimal.

Overview of Spacecraft Formation Configuration Problem
Consider the problem of maneuvering a fleet of four spacecraft from an initial
parking orbit to a terminal reference orbit where the formation attains a desired
tetrahedral shape at a specified point in the terminal reference orbit. For simplicity,
assume that each spacecraft is initialized at the same point, (i.e., deployed simultaneously) on a circular orbit of altitude h0  600 km and inclination i 0  28 deg.
The desired terminal reference orbit is of size 600 km by 7000 km altitude, also
with an inclination of 28 deg. The formation mesocenter, or mean position, must
coincide with the apogee of this orbit at the final time. Although the spacecraft
mesocenter does not follow Keplerian dynamics, the velocity of the mesocenter, or
mean velocity, at the final time is constrained to correspond to the apogee orbit
velocity to ensure the desired orbit is attained at the final time. Additional terminal
constraints are placed on the spacecraft formation. The formation must be within
10 percent of a regular tetrahedron whose average spacecraft separation distance is
between 4 km and 18 km. Lastly, the semimajor axes of the four spacecraft must be
equal to ensure periodic motion according to our dynamics model.
The trajectory is divided into five phases per spacecraft with the following phase
sequence: coast, burn, coast, burn, and coast. Naturally, the dynamics are different
for the coast and burn phases: there is no thrust during the coast phases, and in the
burn phases the thrust is constant at its maximum value Tmax. Furthermore, at each
phase interface the state must be continuous while the control can be discontinuous. Finally, the initial and terminal times of all phases are free (with the exception,
of course, of the first phase where the initial time is fixed to zero). Figure 1 shows
a schematic of the trajectory event sequence. This five-phase trajectory clearly has
two maneuver opportunities. For the single-maneuver scenario, the fourth phase (or
second burn phase) is constrained to zero duration. In the following three sections
the configuration problem is explained in more detail.
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Schematic of Trajectory Event Sequence.

Spacecraft Model and Equations of Motion
Spacecraft Model
In this application we consider four identical spacecraft each with a dry mass of
200 kg and a fuel mass of 300 kg. Furthermore, the maximum thrust level of the
engine is 7.015 kN with an engine specific impulse of 285.7 s. It is noted that these
physical parameters are typical of a standard apogee kick motor [34]. Finally, all
thrusting maneuvers are assumed to be non-impulsive.
Dynamic Model During Thrust Phases
During all thrust phases the state of each spacecraft is modeled using modified
equinoctial elements. The three degree-of-freedom equations of motion for a spacecraft moving over a spherical nonrotating Earth are given in modified equinoctial
elements as [35]
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where p is the semilatus rectum, P1, P2, Q1, and Q2 have no geometric definition, and
L is true longitude. Additionally, w  1  P1 sin L  P2 cos L, s 2  1  Q 21  Q 22,
and ar, a, and an are the perturbing accelerations in the directions of er, e, and en
where er is the unit vector in the radial direction, en is the unit vector in the direction normal to the orbital plane, and e  en  er (thereby completing the righthanded system er, e, en ). For the application under consideration here, the
perturbing accelerations are due entirely to thrust and can be written as
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where T is the thrust magnitude, m is the spacecraft mass, and ur, u, and un are the
er, e, and en components, respectively, of the thrust direction. Finally, the mass
flow rate of the engine is governed by the equation
ṁ  

T
g0 Isp

(3)

where g0 is the sea level acceleration due to gravity and Isp is the specific impulse
of the engine.
Dynamic Model for Coast Phases
Since we are assuming a spherical Earth gravity model, during a coast phase the
only equinoctial element that changes with time is the true longitude, L. In particular, during a coast phase the differential equation for the true longitude can be
written as
L̇ 

dL
p
1  P1 sin L  P2 cos L 2  f L, p, P1, P2

dt
p2

(4)

Observing that all quantities except L in equation (4) are constant, we can separate
variables in equation (4) to give
dt 

dL
f L, p, P1, P2

(5)

Integrating both sides of equation (5), we obtain
Lf

tf  t0 
L0

dL
f L, p, P1, P2

(6)

where t0 and tf are the initial and terminal time, respectively, of the coast phase
while Lt0  L0 and Lt f  L f are the initial and terminal true longitude. Since all
other states are constant during a coast phase (again, because we have assumed
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spherical gravity), the dynamic model for each spacecraft during a coast phase is
given as
Lf

tf  t0 
L0

dL
0
f L, p, P1, P2

i  1, . . . , 4

(7)

All other components of the state (i.e., p, P1, P2, Q1, Q2, and m) are treated as
constant optimization parameters. It is noted that, due to additional terminal
constraints, the above model is not used for the final coast phase.
Dynamic Model for Terminal Phase
The terminal constraints in this problem focus largely on the relative position of
the spacecraft, and are easily expressed in Cartesian Earth-centered inertial (ECI)
coordinates. Therefore it makes sense to use a dynamic model that is consistent
with the mathematical form of the constraints. Consequently, as opposed to modified equinoctial elements, the dynamics of each spacecraft in the final coast phase
are described using ECI coordinates. This transition is by no means necessary, but
it both reduces the complexity of the analytic derivatives of the equations of motion
and exemplifies the versatility inherent in the Gauss pseudospectral method. The
new dynamic model is given below as
ṙ  v

v̇  

r
r3

(8)

where r is the position vector measured from the center of the Earth, v is the inertial velocity, and  is the gravitational parameter. In order to maintain continuity between the
phases, the Cartesian variables are transformed to modified equinoctial elements at the
start of the region of interest phase and are set equal to the elements at the final time of
the previous phase via linkage conditions [10, 36] that are explained in the next section.

Constraints
Initial Conditions
All four spacecraft start in the same circular orbit at time t  0. The initial conditions corresponding to this orbit are given in orbital elements as
a0  Re  h0
i0  28 deg
0  0

e0  0

 0  270 deg
v0  270 deg

(9)

where a is the semimajor axis, e is the eccentricity, i is the inclination,  is the
argument of perigee,  is the longitude of the ascending node, v is the true anomaly, Re is the radius of the Earth, and h0  600 km is the initial altitude. It is noted
that the initial argument of perigee, 0, is chosen to be the same as that of the
terminal reference orbit while the initial true anomaly, v0, is arbitrary. The orbital
elements in equation (9) are then converted to modified equinoctial elements using
a transformation To2e (see for example reference [35]) to obtain the initial state in
modified equinoctial elements as
pit 0  p0
P i
1 t 0  P1,0
P i
2 t 0  P 2,0

i  1, . . . , 4
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Q i1 t 0  Q1,0
Q i2 t 0  Q2,0
Lit0  L0

(10)

where i is the ith spacecraft. Furthermore, the initial mass of each spacecraft is
equal to its maximum value, i.e.,
mit 0  mmax

i  1, . . . , 4

(11)

where mmax  500 kg. Lastly it is noted that for this preliminary analysis, it is reasonable to assume that all four spacecraft can start at the same initial point without
any conflict. However, if more realism is added to the problem, issues such as
collision avoidance will have to be addressed. This will likely result in a slightly
different initial condition and could affect the optimal trajectories as well.
Interior Point Constraints
In order for the state trajectory to be continuous at each phase interface, it is necessary to enforce linkage conditions at the phase boundaries. These linkage conditions
are enforced on the modified equinoctial elements, mass, and time and are given as
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 j  1, . . . , P  1




i j1
0

where j is the jth phase and P is the number of phases in the problem under consideration (in this case P  5). Finally, in order to ensure that time is increasing during
the trajectory, an inequality constraint is placed on time during each phase as
j
j
t i
 t i
f
0

i  1, . . . , 4,  j  1, . . . , P

0

(13)

In the case where each spacecraft has only one maneuver opportunity, equation (13)
is an equality constraint for the fourth phase of each spacecraft.
Path Constraints
The following two path constraints are imposed on the four spacecraft. First,
during the thrust phases of the trajectory it is necessary to constrain the thrust
direction to be unit length. Defining the thrust direction as uT  u r u  u n T, a
constraint is imposed on uT during the thrust phases as
uT uT  1

(14)

Second, during flight the mass of each spacecraft cannot fall below the vehicle dry
mass. Defining the dry mass of each vehicle as m dry, an inequality constraint is
imposed on the mass of each spacecraft during each phase of the trajectory
mi

m dry ,

i  1, . . . , 4

(15)
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Terminal Constraints
The position of the mesocenter of the formation is defined as
r̄ 

1
4

r
4

i 

(16)

i1

where r i  is the position of the ith spacecraft as measured from the center of the
Earth. The first constraint imposed on the formation at t  t f is that the mesocenter must coincide with the apogee of the reference orbit. Defining the position of
the reference orbit apogee as ra, the constraint imposed on the position of the formation mesocenter at t  t f is given as
r̄t f   ra

(17)

Similarly, the velocity of the mesocenter of the formation is defined as
v̄ 

1
4

v
4

i

(18)

i1

where vi is the velocity of the ith spacecraft. Since six orbital elements are necessary to completely define an orbit’s characteristics, constraining both the position
and velocity of the mesocenter at t  t f ensures that the mesocenter is on the reference orbit for that instant in time. Defining the velocity of the reference orbit apogee
as va, the constraint imposed on the velocity of the formation mesocenter is given as
v̄t f  va

(19)

Next, the formation must form a tetrahedron upon reaching apogee of the final
orbit. To ensure the quality of this tetrahedron, a set of constraints are formed that
take into account both the formation size and shape. First, it is noted that the spacecraft must be within a certain distance of each other to take useful measurements.
Although an average inter-spacecraft separation of 10 km is considered ideal,
acceptable science return is still possible for average separations ranging from 4 km
to 18 km [37]. For this application, the formation size is constrained by placing
bounds on the formation’s average side length, L̄.
4

L̄

18

(20)

In addition to the formation size, the formation shape must meet certain performance criteria. The metric used to determine the quality of the shape of the formation is called the QR8 Geometric Factor [38], and is given as
Q R8  VaV *

(21)

where Va is the actual volume of the tetrahedron, and V * is the (ideal) volume of a
regular tetrahedron whose side length is L̄. It is seen that the QR8 metric contains no
sensitivity to the size of the tetrahedron, hence the need for a separate sizing
constraint. For this work, values of QR8 greater than 0.9 are considered acceptable.
Consequently, a terminal constraint is enforced as
QR8

0.9

(22)

See reference [38] for details on how to compute the QR8 Geometric Factor. Next,
in the absence of perturbations, a spacecraft’s orbit period is solely a function of
semimajor axis. In this case, spacecraft with equal semimajor axes (and therefore
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equal periods) will return to their relative positions exactly one period later. Consequently, the formation will be periodic if all spacecraft involved have the same
semimajor axis. If perturbations are introduced to the model, there will be some
degradation in the tetrahedron shape over time, but in general the degradation rate
is reduced if the orbit periods are initially equal. Therefore if repeatability is desirable (as is usually the case), it is beneficial to constrain the semimajor axis of each
spacecraft to be equal at the reference apogee, namely
2 P
3 P
4 P
a1tP
f   a t f   a t f   a t f 

(23)

Finally, it is required that the trajectories of all four spacecraft terminate at the same
time, i.e.
t1P
 t2P
 t3P
 t4P
f
f
f
f

(24)

where tf is free.

Spacecraft Configuration Optimal Control Problem
The spacecraft configuration optimal control problem is now stated formally.
Using the aforementioned trajectory event sequence, determine the thrust profile
that maximizes the sum of the terminal masses of each spacecraft, i.e., maximize
the objective functional

 m t
4

J

i

P
f



(25)

i1

subject to the differential equation constraints of equation (1) and equation (3), the
initial constraints of equation (10) and equation (11), the interior point constraints
of equation (12) and equation (13), the path constraints of equations (14) and (15),
and the terminal constraints of equation (17), equation (19), equation (20), and
equations (22) – (24).

Continuous Bolza Problem
The aforementioned optimal control problem can be written in the following
general form [39, 40]. Determine the state, x   n, control, u    m, initial
time, t0, and final time, t f , that minimize the cost functional
J

x1, t 0, x1, t f 

tf  t0
2

1
1

gx , u , ; t 0, t f d

(26)

subject to the constraints
dx t f  t 0

fx , u , ; t0, t f
d
2

(27)

x1, t0, x1, t f  0   q

(28)

Cx , u , ; t0, t f

(29)

0

c

The optimal control problem of equations (26) – (29) will be referred to as
the continuous Bolza problem. It is noted that the optimal control problem of
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equations (26)–(29) is stated in terms of  1, 1 in order to apply the Gauss
pseudospectral method. This formulation can be transformed from the time interval
 1, 1 to the time interval t  t0, t f via the affine transformation
t

tf  t0
2



tf  t0
2

(30)

First-Order Necessary Conditions of Continuous Bolza Problem
The indirect approach to solving the continuous Bolza problem of equations (26)–(29)
in the previous section is to apply the calculus of variations and Pontryagin’s Maximum Principle [41] to obtain first-order necessary conditions for optimality [40].
These variational conditions are typically derived using the augmented Hamiltonian, H , defined as
Hx, , , u, ; t0, t f  gx, u, ; t0, t f  T  fx, u, ; t0, t f
 T Cx, u, ; t 0, t f 

(31)

where     n is the costate and      c is the Lagrange multiplier associated with the path constraint. The continuous-time HBVP conditions can be shown
to be
t f  t0 H
dxT t f  t 0
fx, u, ; t0, t f  
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 j   0, when

Cj x, u, ; t0, t f   0,

j  1, . . . , c

 j 

Cj x, u, ; t0, tf  0,

j  1, . . . , c

0, when

(32)

where v  q is the Lagrange multiplier associated with the boundary condition .
If one were to solve an optimal control problem via an indirect method, these are
the first-order necessary equations for an optimal solution. The Gauss pseudospectral method does not evaluate these conditions explicitly, but it is shown in reference [30] that the conditions, when discretized via the Gauss pseudospectral
method, are satisfied at the optimal solution.

Gauss Pseudospectral Discretization of Continuous Bolza Problem
The direct approach to solving the continuous Bolza optimal control problem
is to discretize and transcribe equations (26) – (29) to a nonlinear programming
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problem (NLP) [30]. The Gauss pseudospectral method, like Legendre and Chebyshev
methods, is based on approximating the state and control using interpolating
polynomials. The state is approximated across each phase by using a basis of
N  1 Lagrange interpolating polynomials [42], L i   i  0, . . . , N,

 X L  ,



N

x   X  

i

N

L i  

where

i

i0

j0, ji


i 

j

(33)

j

Additionally, the control is approximated across each phase using a basis of N
Lagrange interpolating polynomials L *i  , i  1, . . . , N as

U L  ,
N

u   U  


N

*
i

i
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where
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j1, ji
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j

(34)

j

The derivative of each Lagrange polynomial corresponding to the state at the LG
points can be represented in a differential approximation matrix, D  NN1. The
elements of the differential approximation matrix are determined offline as




N

N

Dki  L̇ i

k

l0

k

 j

j0, ji,l
N

(35)
i

 j

j0, ji

where k  1, . . . , N and i  0, . . . , N . The dynamic state constraints are transcribed
into algebraic constraints via the differential approximation matrix as

D X  t 2 t fX , U
N

f

ki

0

i

k

; t 0, t f  0

k

k  1, . . . , N

k

(36)

i0

where X k  X k  n and U k  U k  m k  1, . . . , N. Note that the
dynamic constraint is collocated only at the LG points and not at the boundary
points (this form of collocation differs from other well known pseudospectral methods such as those found in references [12] and [25]). Additional variables in the
discretization are X0  X1 and X f , where X f is defined in terms of Xk,
k  0, . . . , N and U kk  1, . . . , N via the Gauss quadrature [43]
Xf  X0 

tf  t0
2

 w fX , U ,
N

k

k

k

; t 0, t f 

k

(37)

k1

where wk are the Gauss weights. The continuous cost function of equation (26) is
approximated using a Gauss quadrature as
J

X 0, t0, X f, t f 



tf  t0 N
wk gXk, Uk, k; t0, tf
2 k1

(38)

Next, the boundary constraint of equation (28) is expressed as

X0, t0, Xf, t f  0

(39)

Furthermore, the path constraint of equation (29) is evaluated at the LG points as
CXk, Uk, k; t 0, t f

0

k  1, . . . , N

(40)
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The cost function of equation (38) and the algebraic constraints of equations (36),
(37), (39), and (40) define a NLP whose solution is an approximate solution to the
continuous Bolza problem. Finally, it is noted that discontinuities in the state or
control can be handled efficiently by dividing the trajectory into phases, where the
dynamics are transcribed within each phase and then connected together by additional phase interface (a.k.a linkage) constraints [23, 24].

Costate Estimate
Recall that the NLP is an approximation to the original optimal control problem,
thus a solution satisfying the Karush-Kuhn-Tucker (KKT) conditions of the NLP in
the previous section is not necessarily a solution to the original optimal control
problem. However, confidence can be gained in a solution if it also satisfies the discretized first-order necessary conditions of the respective HBVP. As explained in
reference [30], when using the Gauss pseudospectral method, there exists a mapping that relates exactly the KKT conditions of the NLP to the necessary conditions
˜ k, ˜ 0, ˜ F, and
of the HBVP. This mapping, in terms of the KKT multipliers, ˜ k, 
ṽ, is described as
˜ k
k 
 ˜ F
wk
2 ˜ k
k 
t f  t 0 wk
v  ṽ
˜
 0  0,
 f  ˜ F,

FIG. 2.

Gauss Pseudospectral Discretization.

(41)
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The variables 0, k, f, k, and v, now defined in terms of NLP multipliers, can
be substituted into the HBVP equations to ensure the optimality conditions have
been met (this is demonstrated later in the paper). To illustrate this crucial concept,
Fig. 2 shows the solution path for both the direct and indirect formulations.
The discrete costate is then used to construct a continuous-time approximation to
the costate, which is represented by a slightly different basis of N  1 Lagrange
interpolating polynomials, defined as

  L    1L
N

     

i

†
i

 

(42)

i  1, . . . , N  1

(43)

†
N1

i1

where



N1

L †i   

j1, ji


i 

j

,

j

Recall that the state is approximated using N  1 Lagrange polynomials based on
N LG points and the initial time, while the costate, , is approximated using N  1
Lagrange polynomials consisting of the N LG points and the final time. This discrepancy is required to preserve the mapping, and the reader can find more detailed
information in reference [30]. The next section shows how this mapping can be
used to determine an accurate control at the boundaries.

Computation of Boundary Control
Recall that the solution to the NLP described earlier contains a value for the control at each LG point, but not at the boundaries. These values are then inserted into
the pseudospectral approximation for the control in equation (34) to create a continuous control across the entire interval. The initial and final control can be
extrapolated from this control, but these values tend to be less accurate than the
control at the LG points where the constraints were strictly enforced in the NLP.
This section will show that by using the equivalence between the KKT conditions
and HBVP optimality conditions, a better approximation to the boundary control
can be determined.
First, one might ask, if the control is approximated using equation (34), how can
one change this approximation in post-processing without disrupting the original
NLP? The response to this question requires us to take a step back and see that
equation (34) is not the only equation that will maintain the proper GPM transcription to an NLP. In the NLP, the control is discrete, and requires no derivative information, unlike the state. Any approximation that passes through the LG points is a
legitimate approximation. Historically, equation (34) has been used to represent the
control, but this is by no means required. For example, if a piecewise linear
approximation to the control is used, it would result in an identical NLP. Therefore,
if a continuous control can be found that equals the NLP solution at the LG points
and also utilizes more information to get a better approximation at non-LG points,
then this approximation can and should be used.
The equivalence of the HBVP and KKT conditions allows an alternative way to
obtain information about the control at the boundaries. Recall that accurate state and
costate information is available at the boundaries. Therefore an accurate approximation for the boundary control can be computed using the HBVP optimality
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conditions. These equations utilize the initial and final costate estimates, 0 and  f,
obtained from the costate mapping in the previous section.
To obtain the estimate for the initial control, the HBVP equations involving U0
must be pinpointed and used to solve for the boundary control. In the case of the
current formation flying problem, the HBVP equations involving U0 are determined
from the partial derivative of the augmented Hamiltonian with respect to the control at 0  1 i.e., Hu   and the complementary slackness condition.
Notice that both the initial control, U0, and the multiplier associated with the path
constraint, 0, are unknown (since the path constraint was only evaluated at the
interior points in the NLP). These two quantities can be found by solving the
system of c  m equations for 0   c and U0  m
0


g
U





 T0
0

f
U


C
U

 T0



0



 0T
0

 CU0, 0  0
T
0

(44)

Similarly, the control and multiplier at the terminal time f  1 can be found by
solving the system of c  m equations for  f   c and Uf  m


g
U





 Tf
f

f
U





 Tf
f

C
U



 0T
f

Tf CUf, f  0

(45)

It is noted that empirical evidence has shown that the boundary control obtained via
the HBVP equations is more accurate than the boundary control extrapolated from
the pseudospectral approximation. This is largely due to the high accuracy in the
initial and final costate [30].

Numerical Solution via Gauss Pseudospectral Method
The spacecraft configuration problem as described in the first sections of this
paper is solved using the aforementioned Gauss pseudospectral method of reference [30]. The optimization was carried out with the MATLAB mex interface of the
NLP solver SNOPT [44] using analytic first-order derivatives for both the constraint Jacobian and the gradient of the objective function. Furthermore, the optimal control problem was scaled canonically from SI units to a set of units such that
the length scale is the radius of the Earth, the time scale is one Schuler period, and
the mass scale is equal to the initial spacecraft mass. For this problem, 15 nodes
(i.e., 13 LG points) were used to approximate the trajectory in the burn phases.
Since the first two coast phases utilize either static variables or a simple quadrature
constraint, a pseudospectral approximation is not necessary for those phases. The
quadrature can be computed numerically from the initial and final state; therefore
only two nodes were needed in these coast phases. The final coast phase, which is
calculated in ECI coordinates instead of equinoctial elements, requires a pseudospectral approximation. Because the duration of the final coast phase is unknown
a priori, 40 nodes (i.e., 38 LG points) were used in the final coast phase. Note that
these node amounts were chosen in order to accurately approximate the solution yet
still maintain a reasonably sized NLP. In the future it is likely that the number of
nodes per phase could become an optimization variable itself. In fact, some more
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mature optimization software codes such as SOCS [10] do have this feature, but
this ability has not been developed for the GPM.

Results
The key results for both the single-maneuver and two-maneuver versions of the
configuration problem are discussed in this section. The first subsection summarizes the results for the two-maneuver configuration problem, and the second subsection summarizes the results for the single-maneuver configuration problem.
Lastly, the third subsection provides a detailed post-optimality analysis of the
single-maneuver problem solution.
Two-Maneuver Solution
Recall that the formation must attain a geometry that is within 10% of a regular
tetrahedron (measured by the quality factor) and have an average inter-spacecraft
distance between 4 and 18 km at the terminal time. Furthermore, the spacecraft
mesocenter must have a position and velocity that corresponds to the apogee of the
reference orbit, and the spacecraft must have equal semimajor axes and terminal
times. The solution from the NLP does indeed satisfy all these constraints, and
interestingly, the minimum-fuel formation resides at the lower bound for both the
volume constraint and average inter-spacecraft distance. This result is largely intuitive, since maneuvering the spacecraft to a larger separation distance would naturally require more fuel, and is counter-productive to the given cost function. Figure 3
provides a three-dimensional perspective of the terminal tetrahedron where x, y,
and z represent the standard Earth-centered inertial coordinate system [45].

FIG. 3.

Three-Dimensional View of Optimal Terminal Tetrahedron for Two-Maneuver Problem.
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TABLE 1.

Maneuver Durations for the Two-Maneuver Problem

Burn Duration(s)\Spacecraft Number
First Burn
Second Burn
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1

2

3

4

65.1965
0

65.2958
0

65.2960
0

65.1584
0.0356

Notice in Table 1 that, despite the presence of two maneuver opportunities, only
one spacecraft actually thrusts twice. Three of the four spacecraft are able to complete the transfer and maintain equal semimajor axes with only the first maneuver.
The fourth spacecraft, however, uses a slight corrective maneuver later in the orbit,
at a true anomaly of approximately 90 degrees. Interestingly, as seen in Fig. 4, the
fourth spacecraft is also the spacecraft with the lowest final altitude. The small second maneuver is predominantly in the tangential direction (see Fig. 5) and raises
the semimajor axis of that spacecraft to match the other three. With such a small
second maneuver, one wonders if this maneuver is even necessary. We will show in
the next section that this problem can be solved with only one maneuver allowed
per spacecraft, but the one-maneuver solution used 0.15 kg more fuel than the
two-maneuver trajectory. Further discussion comparing the two scenarios is presented in the next subsection.
As seen in Fig. 6, the optimal locations of the first maneuvers for each of the
spacecraft are near the reference perigee, resembling a Hohmann transfer. Upon
closer inspection of Fig. 6, it is seen that all four burns are offset by varying
amounts from the reference perigee. By staggering the burns, the three spacecraft

FIG. 4.

Optimal Terminal Tetrahedron Viewed Along Orbital Plane for Two-Maneuver Problem.
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FIG. 5.

SC #4 Control for the Second Maneuver in the Two-Maneuver Problem.

reach the desired geometric positions but attain the same semimajor axis upon completion of the maneuver. These maneuvers do use slightly different amounts of fuel,
and when comparing Fig. 7 and Fig. 4 it is seen that the amount of fuel burned by
each spacecraft near perigee increases with increasing terminal altitude.
One interesting aspect of the formation is the discovery of the fuel-optimal orientation of the tetrahedron. Recall that no constraints are placed on the orientation
of the formation, yet one can see a definite structure to the solution by looking at
Figs. 4 and 8. In Fig. 4, it is seen that two of the spacecraft remain in the orbit
plane, while the other two spacecraft are located symmetrically out of the orbit plane.
Figure 8 shows the view of the formation from a direction normal to the orbit
plane. In particular, Fig. 8 shows the terminal position of each spacecraft relative
to the mesocenter where xr,mc, x,mc, xn,mc represent the instantaneous radial, transverse, and normal components of the position of the mesocenter. It is seen from
Fig. 8 that the two out-of-plane spacecraft (2 and 3) have the same projection into
the orbit plane. Furthermore, the altitude of Spacecraft 4, which burns twice, is
significantly lower than the altitude of the other three spacecraft. Although the
solution is not guaranteed to be globally optimal, it was found that several different initial guesses all converged to the solution obtained in this analysis.
Figures 9– 11 show the maneuver profile for the three components of thrust for
all four spacecraft during the first maneuver. The four arcs in each figure represent
the four spacecraft. Note that Figs. 9 –11 include the control at the boundaries,
which was calculated using the HBVP conditions of equations (44) and (45). The overwhelming majority of the thrust is in the transverse direction (Fig. 10), due to the
orbit transfer. Consistent with the relative geometry in Fig. 4, only two spacecraft
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Spacecraft Burn Durations Relative to Time of Reference Perigee Passage, t  tperigee , for
Spacecraft i  1, . . . , 4 During First Burn Phase for Two-Maneuver Problem.

have nonzero normal components of thrust (Fig. 11), since two spacecraft remain
in the reference orbit plane. Interestingly, the small radial component of thrust in
all four spacecraft (Fig. 9) is negative at the start of the maneuver and positive at
the end of the maneuver. By examining Gauss’s variational equations [35], we see
that a change in semimajor axis, a, is related to the radial acceleration, ar, by
ȧ 

p
2a 2
e sinva r  a
h
r



(46)

where v is the true anomaly, h is the angular momentum, p is the semilatus rectum,
e is the eccentricity, and r is the radial distance to the spacecraft. From equation (46)
it is seen that when v is slightly negative (i.e., just before perigee), the radial acceleration must be negative in order to increase the semimajor axis. Similarly, when v
is slightly positive (i.e., just after perigee), the radial acceleration must be positive
to increase the semimajor axis. Therefore starting the maneuver in the negative radial
direction before perigee aids in raising the semimajor axis of the spacecraft. Note
that the crossover point for each spacecraft is not exactly at perigee, but this slight
difference is most likely attributed to the need to satisfy the terminal conditions.
Single-Maneuver Solution
In the two-maneuver solution, only one of the four spacecraft used both maneuver opportunities. Moreover, the spacecraft that did use two maneuvers had an

160

FIG. 7.

Huntington, Benson, and Rao

i
Optimal Fuel Consumption m i
0  m f of Spacecraft i  1, . . . , 4 for Two-Maneuver Problem.

FIG. 8.

Optimal Terminal Tetrahedron Viewed from Normal to the Orbital Plane
for Two-Maneuver Problem.
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FIG. 9.

FIG. 10.

Radial Control for the Two-Maneuver Problem.

Transverse Control for the Two-Maneuver Problem.
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FIG. 11.

FIG. 12.

Normal Control for the Two-Maneuver Problem.

Optimal Terminal Tetrahedron Viewed Along Orbital Plane for Single-Maneuver Problem.
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FIG. 13.
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Optimal Terminal Tetrahedron Viewed from Normal to the Orbital Plane
for Single-Maneuver Problem.

extremely small second maneuver. A natural question that arises from the twomaneuver result is what the solution would be when each spacecraft is only allowed
one maneuver opportunity. The single-maneuver problem was posed by setting the
duration of the second burn to zero.
As expected, slightly more fuel is used in the single-maneuver solution: 653.375 kg
as opposed to 653.220 kg in the two-maneuver solution. Interestingly, allowing
only one maneuver per spacecraft changes the orientation of the tetrahedron at the
terminal time. The orientation of the tetrahedron for the single-maneuver solution
is seen in Figs. 12 and 13. By allowing only one maneuver per spacecraft, the single
burn must simultaneously achieve two conflicting goals. On one hand, at least one
spacecraft must terminate at a different altitude than the other three in order to satisfy the tetrahedral constraints. With the periodicity constraint, the only way to
achieve a different altitude at the final time is by staggering the maneuvers to occur
at different times. On the other hand, each spacecraft should burn at perigee in order
to effciently complete the orbit transfer. To minimize fuel, each spacecraft should
burn as close as possible to perigee, yet still be staggered enough to produce sufficient separation in the final geometry. By balancing these two goals, the resulting
effect is to minimize the maximum altitude separation. This result can be seen in
Fig. 13, where the difference between all four spacecraft and the altitude of the
mesocenter is the same. Furthermore, from Fig. 14, it can be seen that the spacecraft
must be staggered further away from perigee than in the two-maneuver solution,
which is the likely cause of the larger fuel expenditure than the two-burn solution.
Two of the spacecraft burn almost completely before perigee while the other two are
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FIG. 14. Spacecraft Burn Durations Relative to Time of Reference Perigee Passage, t  tperigee , for
Spacecraft i  1, . . . , 4 During First Burn Phase for the Single-Maneuver Problem.

approximately centered around perigee. From a fuel balancing perspective, the difference in expended fuel between the four spacecraft is 0.25 kg. In fact, the difference in expended fuel between the four spacecraft for the two-burn solution is also
0.25 kg, (seen in Fig. 7), implying that there is no significant advantage in choosing
one scenario over the other with respect to fuel balancing.
Analysis of Optimality for the Single-Maneuver Problem
As mentioned previously, a primary benefit of the Gauss Pseudospectral Method
is the equivalence that exists between the direct and indirect approaches [30]. By
using the costate mapping shown in this paper, one can verify that the control from
the NLP matches the analytic control determined from the first-order optimality
conditions at the LG points. By verifying this equivalence, one can gain more confidence that the solution obtained from the NLP is an extremal solution of the
optimal control problem.
This analysis was done for both the single-maneuver and two-maneuver cases,
but only the results from the single-maneuver case are shown here. Figures 15 – 17
show the magnitude of the differences between the NLP control and the estimated
optimal control derived from the HBVP conditions for the three components of
control, ur, u, and un. It is seen from Figs. 15 – 17 that the largest magnitude difference is of order 106, verifying that the NLP control is in excellent agreement with the estimated control from the first-order optimality conditions. This
error can potentially be reduced further by increasing the number of LG points or
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FIG. 15.

FIG. 16.

Error in Radial Control for the Single-Maneuver Problem.

Error in Transverse Control for the Single-Maneuver Problem.
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FIG. 17.

Error in Normal Control for the Single-Maneuver Problem.

by tightening the tolerances of the NLP optimizer. Recall that there are no control
variables in the NLP at the boundaries, and therefore only the control at the LG
points are compared.

Conclusions
The problem of determining minimum-fuel maneuver sequences for a fourspacecraft formation was considered. The objective was to determine fuel-optimal
configuration trajectories that would transfer a four spacecraft formation from an
initial parking orbit to a desired terminal reference orbit while satisfying particular
tetrahedral formation constraints. The configuration problem was solved numerically using a newly developed direct transcription method called the Gauss pseudospectral method. In particular, two versions of the minimum-fuel configuration
problem were considered. In the first scenario each spacecraft was given two maneuver opportunities to complete the transfer. In the second scenario each spacecraft was given only one maneuver opportunity. Optimal solutions, and the
discovery of the fuel-optimal orientation, were found for each scenario. In addition,
the first-order optimality conditions (or KKT conditions) obtained from the Gauss
pseudospectral method were shown for a multiple-phase optimal control problem.
These KKT conditions were compared with the optimality conditions obtained by
discretizing the calculus of variations problem via the Gauss pseudospectral
method. A mapping between the KKT multipliers and the HBVP costates was
used to determine an estimate of the optimal control for a four spacecraft formation
flying problem. It was found that the control obtained from the NLP was in excellent
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agreement with the control estimated by the discretized HBVP. The results of this
research provide insight into the structure of formation configuration trajectories
and demonstrate the advantages of using the Gauss pseudospectral method for formation flying trajectory design.
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